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Supplemental Material 1 – Simplified Model

A simplified version of the benchmark model is presented here. The goal is to develop an analytical
solution to the simplified model. This solution can be used to connect objects such as matching
efficiency in the patent market, η, or the importance of technological propinquity, γ, with the
economy’s growth rate, g. The development is heuristic in nature and may be useful for readers
not familiar with the modeling apparatus employed in the paper.

OA.1 Simplifying Assumptions

Some simplifying assumptions are now made in order to solve the model analytically:

• The model is cast in continuous time. This rules out simultaneous events within a period.

• The per-period return for firms, Π (z), is given the linear specification Π (z) = πz. Recall
that in the benchmark model profits turned out to be linear function in z.

• The law of motion for a firm’s productivity is given by z′ = z + γxz. Thus, only distance-
related patents are allowed.

• The utility function is logarithmic, implying ε = 1.

• The innovation rate, i > 0, is assumed to be exogenous. It will is set to unity1. The analysis
here will focus on the reallocation of ideas (the main point of the research) rather than the
creation of ideas.

• All firms can meet a patent agent and buy an idea at any point in time. In the benchmark
model only failed inventors could buy from the market. This assumption was made in the
benchmark model for technical convenience. The analysis here illustrates that the assumption
in the benchmark model is innocuous.

• The seller is assumed to have full bargaining power; ω = 1.

1In continuous time the arrival rate, i, can potentially be greater than 1, as will be seen.
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• The propinquity of an idea, x, is drawn from a uniform distribution, rather than the empirical
distribution.

• There is no expiration date for a patent on the market. In the benchmark model patents on
market expired with some probability.

The rest of the model is as before. To make this section self contained, the basic environment
is now described in some detail.

OA.2 Environment

Time is continuous and household utility is logarithmic. The discount rate is ρ. Along a balanced
growth path the real interest rate will be given in standard fashion by r = ρ + g. There is a
continuum of firms of measure 1 that are located on a circle, as in the main model. Each firm is
defined by its location on that circle and its current productivity z. (Time subscripts are dropped,
when possible, to simplify the notation.)

The equilibrium profit of each firm is linear in productivity z such that

Π (z) = πz.

A firm’s productivity, z, improves through new innovations which arrive at an exogenous rate i.
Each new innovation contributes to productivity according to the following law of motion

z′ = z + γxz, (OA.1)

where x ≡ 1− d ∈ [0, 1] is the propinquity of a new innovation to the firm (which is the inverse of
a distance) and

z ≡
∫
zjdj

is average productivity in the economy. Once an idea arrives it propinquity is drawn from a uniform
distribution such that x ∼ U[0,1].

The firm has two (mutually exclusive) options:

1. Keep the idea and produce with it.

2. Sell it directly to a patent agent for the price q.

All firms may try to purchase a patent, even those who have successfully innovated.

Denote the number of ideas on the market to be sold by na and the number of buyers by nb.
Then, each period, the number of matches is regulated by the matching function

M (na, nb) = ηnµan
1−µ
b .

Since any firm can buy an idea at any time (unlike in the benchmark model) the measure of
potential buyers is equal to 1. Therefore, the number of matches at every instant is

M (na, nb) = ηnµa . (OA.2)
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OA.2.1 A Firm’s Value Function

The analysis proceeds using the guess and verify technique. Focus on an equilibrium with a cutoff
rule for selling a patent; i.e., a firm keeps an idea if x < x∗ and sells it otherwise. Conjecture that
the cutoff to buy is the same as the one to sell. Discretize time into small intervals of length ∆.
Then, the state of a firm can be summarized by the pair (z, z) and the value function for a firm
can be written as

V (z, z) = πz∆ + i∆

[∫ 1

x∗
V (z + γxz+∆, z+∆) dx+

∫ x∗

0
[V (z, z+∆) + q] dx

]

+M (na, nb) ∆

∫ 1

x∗
[V (z + γxz+∆, z+∆)− P (x, z, z)] dx

+ (1− r∆) [1− i∆−M (na, nb) ∆]V (z, z+∆) + o(∆).

Over any time interval ∆ the firm collects πz∆ in profit. During the same interval, the firm
can receive a new idea with probability i∆. (As an aside, this implies that i can be bigger than
one when ∆ is sufficiently small.) It will keep the idea if x > x∗, and sell the idea to a patent
agent for the price q, otherwise. Likewise, a firm can receive an option to buy a patent with the
endogenous matching probability M (na, nb) ∆. It will decide to buy the idea at price P (x, z, z) if
x > x∗. This price is determined by a take-it-or-leave-it offer that the patent agent makes. Finally,
if neither of these two events happen, which occurs with probability [1− i∆−M (na, nb) ∆], the
firm moves to the next time interval with no change in its own productivity and collects the
continuation value V (z, z+∆), which is discounted by the multiplicative factor (1− r∆). Note
that over the time interval in question that aggregate productivity will evolve from z to z+∆.
Finally, observe the presence of some second-order terms denoted by o(∆). These terms involve
the event that the firm both innovates and buys a patent at the same time, which occurs with
probability i∆M (na, nb) ∆ = iM (na, nb) ∆2. As the length of period shrinks these terms will
disappear (relative to the other terms in the expression because ∆2 becomes small relative to ∆).

Divide both sides by ∆t. Take the limit as ∆ → 0. Note that z+∆ → z as ∆ → 0. Now, let
V̇ (z, z) ≡ lim∆→0 [V (z, z+∆)− V (z, z)] /∆. Rearranging the resulting expression yields

rV (z, z) = πz + i

[∫ 1

x∗
V (z + γxz, z) dx+

∫ x∗

0
[V (z, z) + q] dx− V (z, z)

]
(OA.3)

+M (na, nb)

∫ 1

x∗
[V (z + γxz, z)− V (z, z)− P (x, z, z)] dx+ V̇ (z, z) .

This continuous-time value function has the following interpretation: The safe return on the left-
hand side is equated to the risky return on the right-hand side. Every instant, the firm collects
its instantaneous profit, πz. At the rate i a new idea arrives with some propinquity x. If x > x∗,
then the firm keeps the idea and its productivity will increase by γxz. Otherwise, the firm sell will
sell the idea to the agent at the price q. Finally, V̇ (z, z) captures the increase in the firm’s market
value due to the growth in aggregate productivity, z.
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OA.2.2 The Price for a Buying Firm

The patent agent makes a take-it-or-leave-it offer to the buyer. Hence, the patent agent will strip
all of the surplus from the transaction. The price of patent, P (x, z, z), is then given by

P (x, z, z) = V (z + γxz, z)− V (z, z) , when x ≥ x∗. (OA.4)

The pricing rule (OA.4) allows the firm’s value function (OA.3) to be written as

rV (z, z) = πz + i

[∫ 1

x∗
K (x, z) dx+ x∗q

]
+ V̇ (z, z) ,

where
K (x, z) ≡ V (z + γxz, z)− V (z, z) (OA.5)

is the value of keeping a new idea that has propinquity x.

OA.2.3 Patent Agents and the Price for a Selling Firm

Denote the value function for a patent agent who is about to sell an idea by A (z) . This can be
expressed as:

rA (z) =
M

na

∫ 1

x∗
[P (x, z)−A (z)] dx+ Ȧ (z) , (OA.6)

which already incorporates the fact that there will be no trade when x < x∗. Also note that
the arguments of M are suppressed for clarity. This expression depends on the equilibrium flow
of matches per seller, M/na, which represents the probability that the agent will find a buyer.
Conjecture that the patent agent’s value function is linear in aggregate productivity z; i.e.,

A (z) = az. (OA.7)

As in the main text, suppose there is free entry by agents into the market to buy patents from
firms. This dictates that the price q will be determined by

q = A (z) . (OA.8)

The following result holds:

Lemma OA1 (The Value Function for a Firm) Assume that the patent agent’s value function,
A (z), takes the linear form specified in (OA.7). Then, the firm’s value function, V (z, z), is linear
in both its own z and the aggregate z so that

V (z, z) = v1z + v2z, (OA.9)

where

v1 =
π

r
and v2 =

iv1γ(1
2 −

x∗2

2 ) + ix∗a

ρ
.

Proof. See Section OA.4.
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OA.2.4 The Cutoff Rule

The law of motion for the stock of ideas on the market is

ṅa = ix∗ −M(1− x∗). (OA.10)

The first term, ix∗, gives the flow of new ideas into the market, since the rate of innovation is i
and x∗ is fraction of new innovations that are put on the market. For the rest of the text, assume
that i = 1. The second term, M [1− x∗], gives the number of ideas that are sold in period. All
firms try to buy a patent. The measure of firms is one. They meet an agent with probability M
and buy an patent with probability (1− x∗). The equilibrium number of matches can be found by
setting ṅa = 0 in (OA.10) which implies

M =
x∗

1− x∗
. (OA.11)

Clearly the number of matches increases in the cutoff x∗: a higher x∗ implies that initial inventors
keep less of their ideas since they now have to meet a more stringent threshold. Plugging the
number of matches (OA.11) into the matching technology (OA.2) gives the equilibrium stock of
ideas on the market or

na =

[
x∗

(1− x∗) η

] 1
µ

. (OA.12)

The number of matches per seller is then

ma ≡
M

na
= η

[
x∗

(1− x∗) η

]µ−1
µ

. (OA.13)

The patent agent’s value function, A (z), can be solved for now. Using the conjecture (OA.7)
that this value function is linear, in conjunction with (OA.6), (OA.11), and (OA.12), generates (the
steps are similar to those outlined in the proof of Lemma OA1.

a =
ma

v1γ
2

(
1− x∗2

)
ρ+ma (1− x∗)

. (OA.14)

The only remaining equilibrium variable to be determined is the cutoff, x∗. The marginal seller
is indifferent keeping and selling the idea so

K (x∗, z) = q. (OA.15)

The value of keeping the idea K (x∗, z) from (OA.5) and (OA.9) is

K (x∗, z) =
π

r
γx∗z.

Now, it has been shown that A (z) = az, where a is expressed in (OA.14), q = A (z), and v1 = π/r.
Using these results in the indifference condition (OA.15) allows the cutoff rule, x∗, to be written as

x∗ =
ma

(
1− x∗2

)
ρ+ma (1− x∗)

1

2
, (OA.16)

where ma is expressed in (OA.13).
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OA.2.5 The Aggregate Growth Rate

The focus can now shift to the aggregate growth rate for the economy, g. Using (OA.1) it is easy
to deduce that after a small time interval, ∆, the average productivity will evolve from z to z+∆

according to

z+∆ = z +

∫ 1

0

[
(i∆ +M∆)

∫ 1

x∗
xγzdx

]
dj.

To compute the aggregate rate of growth, subtracting z from both sides, perform the integration
on the right-hand side, and divide by z∆, which will result in

g = (i+M) γ

(
1

2
− x∗2

2

)
.

Last, let i = 1 and use equilibrium matching rate given by (OA.11) to write i+M = 1+x/(1−x) =
1/(1− x). The above formula can then be rewritten as

g = γ ×

[
1

2︸︷︷︸
non-market

component

+
x∗

2︸︷︷︸
]

market

component

. (OA.17)

Equation (OA.17) characterizes the role the patent market plays in determining the equilibrium
growth rate. Assume there is no patent market so that all firms keep their ideas for themselves.
This is equivalent to x∗ = 0. In this case, since each idea is drawn from a uniform distribution, the
average propinquity of an idea to an innovating firm is equal to E[x] = 1/2. Moreover, each idea
contributes to a firm’s productivity by the multiplicative term γ per unit of propinquity. Therefore,
the overall growth in productivity will be given by γ/2.

The role of the patent market comes into play through x∗. Recall that firms keep patents with
propinquity x ≥ x∗ and that patents are drawn from a uniform distance distribution. When the
cutoff increases from 0 to x∗ the average propinquity of the utilized ideas increases by x∗/2 and
the average propinquity becomes (1 + x∗) /2. Therefore, any market arrangement that increases
the threshold x∗ contributes positively to economic growth.

OA.3 Predictions

In order to achieve further analytical results, assume also that µ = 1. Using (OA.13) and (OA.16)
then gives

x∗ =
ρ

η
+ 1−

√[
ρ

η
+ 1

]2

− 1. (OA.18)

For use below, note that the cutoff rule, x∗, is decreasing in ρ/η.

Proposition 3 (Aggregate Growth Rate) The aggregate rate of growth, g, is increasing in the
productivity gain from a new idea, γ, and matching efficiency, η, and is decreasing in the rate of
time preference, ρ.

The first fact is obvious from (OA.17), while noting from (OA.18) that the cutoff, x∗, is not
a function of γ. To see the second fact note that an increase in matching efficiency increases the
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cutoff, via (OA.18), and therefore growth, though (OA.17). This result is also very intuitive. As the
matching technology becomes more efficient, the market value of a patent increases due to more
frequent matches. Therefore, the owner becomes more selective when deciding to keep an idea.
This increases the cutoff rule x∗. Hence, markets with more efficient matching technologies grow
faster. The last result follows from the fact that more patience translates into a higher expected
value from selling the patent as is evident from (OA.14). Hence, firms put more ideas on the market
when discount rate decreases and ideas are allocated to better users in this way.

OA.4 Proof of Lemma OA1

Proof. Substitute the conjecture (OA.9) into (OA.3) to get

r [v1z + v2z]− v2zg = πz + i

[∫ 1

x∗
[v1 (z + γxz) + v2z− v1z − v2z] dx

]
+ ix∗q.

This expression simplifies to

r [v1z + v2z]− v2zg = πz + i

∫ 1

x∗
v1γxzdx+ ix∗q

= πz + iv1γz

[
1

2
− x∗2

2

]
+ ix∗q.

Equating the terms on the left- and right-hand sides that involve z and z, separately, yields

v1 =
π

r
, and rv2z− v2zg = iv1γz

[
1

2
− x∗2

2

]
+ ix∗q.

Recall that q = A (z) = az and that along a balanced growth path r− g = ρ. These facts allow for
the formula for v2 to be rewritten as

v2 =
iv1γ

[
1
2 −

x∗2

2

]
+ ix∗a

ρ
.
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