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In these appendices, we provide additional results and the proofs of all the results
stated in the text. All cross-references that are not to material in these appendices refer
to the main text.

Appendix A: Robustness Checks

Tables A.1-A.4 show results analogous to those shown in Table 1 as we vary � and 
(we change � to 1.2 or 1.01, and  to 0.6 or 0.1). As mentioned in the text, the results
are very similar to our baseline results.

Appendix B: Compulsory Versus Bargained License Fees

The analysis in the text characterized the steady-state equilibrium for a given sequence
of license fees �, implicitly assumed to be determined by IPR policy—i.e., these
fees correspond to compulsory licensing fees for intellectual property that has been
patented. This corresponds to a world in which once a company patents an innovation,
the knowledge embedded in this innovation can be used by its competitors as long
as they pay a prespeci�ed license fee. One may also wish to consider an alternative
world in which license fees are determined by bilateral bargaining. To characterize the
equilibrium in such a world, one must �rst conduct exactly the same analysis as we
have done in this subsection. In other words, one must characterize the equilibrium for
a given sequence of license fees, and then taking the license fees agreed by other �rms
as given, one can consider the bargaining problem between a leader and a follower. In
general, there may or may not exist feasible voluntary license fees that the follower
and the leader can bargain to (such voluntary agreements may be infeasible even if
compulsory licensing is bene�cial, since consumers also bene�t from licensing).

Figure B.1 plots the value of licensing to a follower in an industry with an n-step
gap, v0 � v�nC1, and absolute value of the loss to the leader in the same industry,
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Table A.1. Robustness check in quick catch-up with � D 1:01.

Full IPR
Protection
without
licensing

Full IPR
Protection

with
licensing

Optimal
Uniform

IPR
with

licensing

Optimal
State

Dependent
without
licensing

Optimal
State

Dependent
with

licensing

� 1.01 1.01 1.01 1.01 1.01

 0.35 0.35 0.35 0.35 0.35

�1 0 0 0 3.14 0.06

�2 0 0 0 0.23 0

�3 0 0 0 0 0

�4 0 0 0 0 0

�5 0 0 0 0 0

�1 1 0.19 0 1 0.04

�2 1 0.19 0 1 0.10

�3 1 0.19 0 1 0.10

�4 1 0.19 0 1 0.10

�5 1 0.19 0 1 0.10

v1 � v0 0.14 0.19 0.09 0.08 0.10

x�
�1

1.08 1.27 1.29 0.64 1.51

x�
0

1.67 1.95 1.29 1.25 1.38

��
0

0.25 0 0 0.45 0.01

��
1

0.33 0.50 0.50 0.20 0.45

��
2

0.19 0.25 0.25 0.14 0.23

!� 0.99 0.99 0.99 0.99 0.99

Researcher
ratio

0.008 0.007 0.007 0.007 0.010

lnC .0/ 10.28 11.88 11.90 10.66 12.66

g� 0.0186 0.0257 0.0258 0.0203 0.0293

Welfare 213.1 247.8 248.3 221.4 265.0

Note: This table provides robustness check results for Table 1 with � D 0:05, � D 1:01, D 0:35 under
�ve different IPR policy regimes. It reports the steady-state equilibrium values of the difference in the values
v1 � v0; the (annual) R&D rate of a follower that is one step behind, x�

�1
; the (annual) R&D rate of neck-

and-neck competitors, x�
0

; fraction of industries in neck-and-neck competition, ��
0

; fraction of industries at a
technology gap of n D 1;2; the value of “labor share,” !�; the ratio of the labor force working in research;
initial (annual) consumption, C .0/ I the annual growth rate, g�; and the welfare level according to equation
(42). It also reports the welfare-maximizing uniform and state-dependent IPR policies with or without licensing.
See text for details.

jvn�1 � v0j (with full protection as in column 1 of Tables 2-5).1 The overall pattern

1. Without licensing, the change in follower’s value is v�nC1� v�n. Since licensing takes the follower
to v0; the change due to licensing is v0 � v�nC1. Similar reasoning applies to the leader’s loss.
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Table A.2. Robustness check in quick catch-up with � D 1:2.

Full IPR
Protection
without
licensing

Full IPR
Protection

with
licensing

Optimal
Uniform

IPR
with

licensing

Optimal
State

Dependent
without
licensing

Optimal
State

Dependent
with

licensing

� 1.20 1.20 1.20 1.20 1.20

 0.35 0.35 0.35 0.35 0.35

�1 0 0 0 0.19 0

�2 0 0 0 0.08 0

�3 0 0 0 0.05 0

�4 0 0 0 0.05 0

�5 0 0 0 0.05 0

�1 1 25.07 0 1 0

�2 1 25.07 0 1 5.52

�3 1 25.07 0 1 10.95

�4 1 25.07 0 1 13.64

�5 1 25.07 0 1 14.98

v1 � v0 20.29 25.07 13.86 9.62 14.98

x�
�1

0.06 0.068 0.08 0.02 0.09

x�
0

0.10 0.12 0.08 0.06 0.09

��
0

0.22 0 0 0.56 0

��
1

0.32 0.45 0.52 0.24 0.45

��
2

0.20 0.26 0.26 0.10 0.24

!� 0.81 0.74 0.78 0.92 0.76

Researcher
ratio

0.069 0.057 0.070 0.037 0.089

lnC .0/ 114.78 116.79 117.17 115.49 117.30
g� 0.0186 0.0265 0.0282 0.0189 0.0306

Welfare 2303.0 2346.5 2354.7 2317.3 2358.3

Note: This table provides robustness check results for Table 1 with � D 0:05, � D 1:2,  D 0:35 under
�ve different IPR policy regimes. It reports the steady-state equilibrium values of the difference in the values
v1 � v0; the (annual) R&D rate of a follower that is one step behind, x�

�1
; the (annual) R&D rate of neck-

and-neck competitors, x�
0

; fraction of industries in neck-and-neck competition, ��
0

; fraction of industries at a
technology gap of n D 1;2; the value of “labor share,” !�; the ratio of the labor force working in research;
initial (annual) consumption, C .0/; the annual growth rate, g�; and the welfare level according to equation
(42). It also reports the welfare-maximizing uniform and state-dependent IPR policies with or without licensing.
See text for details.

Note also that Figure B.1 has no value for nD 0;1 since neck-and-neck �rms and one-step followers
have no surplus to generate through licensing.
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Table A.3. Robustness check in quick catch-up with  D 0:1.

Full IPR
Protection
without
licensing

Full IPR
Protection

with
licensing

Optimal
Uniform

IPR
with

licensing

Optimal
State

Dependent
without
licensing

Optimal
State

Dependent
with

licensing

� 1.05 1.05 1.05 1.05 1.05

 0.1 0.1 0.1 0.1 0.1

�1 0 0 0 3.18 0

�2 0 0 0 0.04 0

�3 0 0 0 0 0

�4 0 0 0 0 0

�5 0 0 0 0 0

�1 1 3.12 0 1 0

�2 1 3.12 0 1 0.62

�3 1 3.12 0 1 1.74

�4 1 3.12 0 1 1.82

�5 1 3.12 0 1 1.84

v1 � v0 2.21 3.12 1.64 0.49 1.88

x�
�1

0.27 0.28 0.29 0.19 0.29

x�
0

0.29 0.31 0.29 0.25 0.29

��
0

0.31 0 0 0.77 0

��
1

0.33 0.50 0.50 0.10 0.49

��
2

0.17 0.25 0.25 0.06 0.25

!� 0.94 0.92 0.92 0.98 0.92

Researcher
ratio

0.008 0.008 0.008 0.003 0.010

lnC .0/ 34.07 36.16 36.20 34.94 36.31

g� 0.0186 0.0278 0.0280 0.0222 0.0286

Welfare 688.8 734.2 735.1 707.7 737.6

Note: This table provides robustness check results for Table 1 with � D 0:05, � D 1:05,  D 0:1 under
�ve different IPR policy regimes. It reports the steady-state equilibrium values of the difference in the values
v1 � v0; the (annual) R&D rate of a follower that is one step behind, x�

�1
; the (annual) R&D rate of neck-

and-neck competitors, x�
0

; fraction of industries in neck-and-neck competition, ��
0

; fraction of industries at a
technology gap of nD 1;2; the value of “labor share,”!�; the ratio of the labor force working in research; initial
(annual) consumption, C .0/; the annual growth rate, g�; and the welfare level according to equation (42). It
also reports the welfare-maximizing uniform and state-dependent IPR policies with or without licensing. See text
for details.
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Table A.4. Robustness check in quick catch-up with  D 0:6.

Full IPR
Protection
without
licensing

Full IPR
Protection

with
licensing

Optimal
Uniform

IPR
with

licensing

Optimal
State

Dependent
without
licensing

Optimal
State

Dependent
with

licensing

� 1.05 1.05 1.05 1.05 1.05

 0.6 0.6 0.6 0.6 0.6

�1 0 0 0 0.61 0.01

�2 0 0 0 0.18 0

�3 0 0 0 0.07 0

�4 0 0 0 0.03 0

�5 0 0 0 0 0

�1 1 5.26 5.26 1 0

�2 1 5.26 5.26 1 0.62

�3 1 5.26 5.26 1 1.52

�4 1 5.26 5.26 1 1.98

�5 1 5.26 5.26 1 2.35

v1 � v0 4.40 5.26 5.26 2.47 2.35

x�
�1

0.13 0.18 0.18 0.03 0.31

x�
0

0.64 0.85 0.85 0.27 0.25

��
0

0.09 0 0 0.29 0.01

��
1

0.26 0.42 0.42 0.12 0.29

��
2

0.19 0.25 0.25 0.09 0.15

!� 0.94 0.94 0.94 0.94 0.93

Researcher
ratio

0.073 0.044 0.044 0.084 0.097

lnC .0/ 33.19 33.88 33.88 33.91 35.48

g� 0.0186 0.0198 0.0198 0.0229 0.0303

Welfare 671.3 685.6 685.6 687.3 721.6

Note: This table provides robustness check results for Table 1 with � D 0:05, � D 1:05,  D 0:6 under
�ve different IPR policy regimes. It reports the steady-state equilibrium values of the difference in the values
v1 � v0; the (annual) R&D rate of a follower that is one step behind, x�

�1
; the (annual) R&D rate of neck-

and-neck competitors, x�
0

; fraction of industries in neck-and-neck competition, ��
0

; fraction of industries at a
technology gap of n D 1;2; the value of “labor share,” !�; the ratio of the labor force working in research;
initial (annual) consumption, C .0/; the annual growth rate, g�; and the welfare level according to equation
(42). It also reports the welfare-maximizing uniform and state-dependent IPR policies with or without licensing.
See text for details.
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Figure A1. Value Differences Under Full protection & Slow Catch-up
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Figure B.1. Value differences under full protection and slow catch-up.

is that the latter number is unambiguously greater than the former, which implies that
voluntary licensing will not be bene�cial in this environment. Therefore, compulsory
licensing plays a useful role that bilateral licensing agreements between leaders and
followers could not achieve, and is thus a useful policy tool. In addition, our analysis
shows that compulsory licensing will be useful for welfare precisely when it is state
dependent.

Appendix C: Patent Length, Compulsory Licensing and Infringements Fees
under Slow Catch-up

We investigate the slow catch-up environment when all three IPR policies are
simultaneously present. We do not repeat the value functions to save space.

Table C.1 �rst shows our benchmark full protection economy in the �rst column.
The second and third columns report the optimal uniform and state-dependent policies
with all three types of policies present. The results are very similar to those reported
in Section 7.4 (with only leapfrogging), except that the patent lengths are now set to
in�nity (�n D 0). The optimal IPR policy in this case involves in�nitely long patents
with prohibitively high compulsory license fees. The only dimension in which IPR
protection is not full is because of moderate infringement fees, which permit followers
to undertake frontier R&D and leapfrog technology leaders.

Most importantly for our focus, column 3 again shows the bene�ts of state-
dependent IPR policy. This policy again provides greater protection for technology
leaders and exploits the trickle-down effect. As a result, initial consumption is
approximately twice the level under uniform IPR and innovation incentives are
stronger, and the long-run growth rate increases from 2.5% to 3.3%.
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Table C.1. All three policies in slow catch-up regime.

� D 1:05;  D 0:35

B D 0:1
Full IPR

Optimal
Uniform IPR

Optimal
State-dependent IPR

�1 D �2 D �3 D �4 D �5 0.02 0 0

�1 D �2 D �3 D �4 D �5 1 1 1

#1 1 16.6 0

#2 1 16.6 21.7

#3 1 16.6 34.6

#4 1 16.6 39.4

#5 1 16.6 51.3

v1 � v�3 21.4 3.1 4.6

v0 � v�3 10.1 0.8 2.7

xc�
�1

0.75 0.16 0.16

x
f �
�1

0 0.23 0.34

x�
0

0.99 0.32 0.29

x�
1

1.10 0.32 0.41

��
0

0.02 0.11 0.36

��
1

0.03 0.41 0.17

��
2

0.03 0.22 0.10

!� 0.56 0.94 0.94

Researcher ratio 0.150 0.031 0.065

lnC .0/ 31.31 35.62 36.38

g� 0.025 0.027 0.033

Welfare 636.3 723.0 740.5

Note: This table gives the results of the numerical computations with � D 0:05, � D 1:05,  D 0:35 under
three different IPR policy regimes. It reports the steady-state equilibrium values of the difference in the values
v1 � v�3 and v0 � v�3; the (annual) catch-up and frontier R&D rates of a follower that is one step behind,
(xc�
�1

, xf �
�1

); the (annual) R&D rate of neck-and-neck competitors, x�
0

; the (annual) R&D rate of one-step
leader, x�

1
; fraction of industries in neck-and-neck competition,��

0
; fraction of industries at a technology gap of

nD 1;2; the value of “labor share,” !�; the ratio of the labor force working in research; log of initial (annual)
consumption, lnC.0/; the annual growth rate,g�; and the welfare level according to equation (42). It also reports
the welfare-maximizing uniform and state-dependent IPR policies. See text for details.

Appendix D: Additional Robustness Checks

Table D.1 shows that the patterns documented in Table C.1, particularly the gains from
state-dependent policy and the major role played by the trickle-down effect, are robust
for reasonable changes in parameter values.
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Table D.1. All three policies in slow catch-up regime robustness checks.

� D 0:1

Optimal
State-

dependent
IPR

 D 0:1

B D 0:04

Optimal
State-

dependent
IPR

 D 0:6

B D 0:2

Optimal
State-

dependent
IPR

� D 1:01

B D 0:35

Optimal
State-

dependent
IPR

� D 1:20

B D 0:024

�1 D �2 D �3 D �4 D �5 0 0 0 0

�1 D �2 D �3 D �4 D �5 1 1 1 1

#1 0 0 3.6 0

#2 16.7 12.6 5.5 33.4

#3 35.6 20.0 8.9 82.3

#4 44.8 23.0 12.3 100.7

#5 54.0 32.9 15.8 128.7

v1 � v�3 4.1 4.0 1.3 17.5

v0 � v�3 2.6 1.6 0.8 5.2

xc�
�1

0.23 0.06 0.69 0.02

x
f �
�1

0.28 0.61 0.88 0.10

x�
0

0.27 0.42 0.97 0.10

x�
1

0.29 0.98 1.24 0.10

��
0

0.20 0.01 0.10 0.06

��
1

0.47 0.15 0.26 0.48

��
2

0.19 0.09 0.11 0.22

!� 0.95 0.90 0.97 0.11

Researcher ratio 0.011 0.161 0.048 0.087

lnC .0/ 36.08 37.54 13.80 118.35

g� 0.027 0.044 0.026 0.035

Welfare 732.4 768.3 286.3 2381.2

Note: This table gives the robustness checks of the state-dependent results of Table C.1 with alternative step sizes
and R&D elasticity parameters with � D 0:05. It reports the steady-state equilibrium values of the difference
in the values v1 � v�3 and v0 � v�3; the (annual) catch-up and frontier R&D rates of a follower that is one
step behind, (x�1c�, x�1f �); the (annual) R&D rate of neck-and-neck competitors, x�

0
; the (annual) R&D

rate of one-step leader, x�
1

; fraction of industries in neck-and-neck competition, ��
0

; fraction of industries at a
technology gap of nD 1;2; the value of “labor share,” !�; the ratio of the labor force working in research; log
of initial (annual) consumption, lnC.0/; the annual growth rate, g�; and the welfare level according to equation
(42). It also reports the welfare-maximizing uniform and state-dependent IPR policies. See text for details.

In this table, in each column we change one of the two parameters � and 
(increasing or reducing � to 1.2 or 1.01, and increasing or reducing  to 0.6 or 0.1).
In each case, we also change the parameter B in equation (45) to ensure the growth
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rate of the benchmark economy with full IPR protection is the same as in our initial
baseline economy, g� D 1:86%.

To save space, we only show the results from the optimal state-dependent policies.
Table D.1 shows that the qualitative patterns in Table C.1 are relatively robust. In
all cases, optimal state-dependent IPR is shaped by the trickle-down effect. In all of
the various parameterizations we have considered (and with different combinations
of policies), there is little protection provided to technology leaders that are one-step
ahead, but IPR protection grows as the technology gap increases. This is the typical
pattern implied by the trickle-down effect. In addition, in all cases when all three forms
of policy are incorporated, optimal IPR policy provides patents of in�nite duration and
prohibitively high compulsory licensing fees, but deviates from full IPR protection
by imposing moderate levels of infringement fees. Most importantly for us, in all
cases, these infringements fees are state dependent and provide greater protection to
technologically more advanced leaders.

Appendix E: Proofs and Derivations

E.1. Derivation of Optimal R&D Decisions in the Partial Equilibrium Model

Since the costs are linear, optimal R&D decisions imposed that, in equilibrium,

vnC1 � vn D '; for each n 2 ¹�2;�1; 0; 1º : (E.1)

Combining this result with equation (1) gives the value of a two-step follower is

v�2 D
��2 C 2'�2

r
:

The previous equation, together with .E:1/ implies

vn D v�2 C ' .nC 2/ D
��2 C 2'�2

r
C ' .nC 2/ , for each n 2 ¹�1; 0; 1; 2º :

(E.2)
Now we can use the value of v2 to solve for x�

�2 from equation (1). Similarly,
combining .E:2/ with (2) gives the value of x�

�1; .E:2/ with (3) gives x�0 . Finally,
combining .E:2/ with (4) gives the equilibrium value of x�1 .

E.2. Derivation of Equation (27)

Fix the equilibrium R&D policies of other �rms, x��n .t/, the equilibrium interest and
wage rates, r� .t/ and w� .t/, and equilibrium pro�ts ¹…�n .t/º

1

nD1. Then the value of
the �rm that is n steps ahead at time t can be written as:
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Vn .t/ D (E.3)

max
xn.t/

8̂̂̂̂
ˆ̂̂̂<̂
ˆ̂̂̂̂̂̂
:

�
…�n .t/�w

� .t/G .xn .t//
�
�t C o .�t/

Ce�r
�.tC�t/�t

26666664

.xn .t/�t C o .�t// VnC1 .t C�t/

C
�
�n�t C x

�
�n .t/�t C o .�t/

�
V0 .t C�t/

C

�
1� xn .t/�t � �n�t

�x��n .t/�t � o .�t/

�
Vn .t C�t/

37777775

9>>>>>>>>=>>>>>>>>;
:

The �rst part of this expression is the �ow pro�ts minus R&D expenditures during a
time interval of length�t . The second part is the continuation value after this interval
has elapsed. VnC1 .t/ and V0 .t/ are de�ned as net present discounted values for a
leader that is nC 1 steps ahead and a �rm in an industry that is neck-and-neck (i.e.,
nD 0). The second part of the expression uses the fact that in a short time interval�t ,
the probability of innovation by the leader is xn .t/�t C o .�t/, where o .�t/ again
denotes second-order terms. This explains the �rst line of the continuation value. For
the remainder of the continuation value, note that the probability that the follower
will catch up with the leader is

�
�n C x

�
�n .t/

�
�t C o .�t/. Finally, the last line

applies when no R&D effort is successful and patents continue to be enforced, so that
the technology gap remains at n steps. Now, subtract Vn .t/ from both sides, divide
everything by �t , and take the limit as �t ! 0 to obtain (27).

E.3. Proof of Proposition 3

Equations (24) and (26) imply

Y .t/ D
w .t/

! .t/
D
Q.t/ ��

P1
nD0 n�

�
n.t/

! .t/
:

Since ! .t/ D !� and ¹��nº
1

nD0 are constant in steady state, Y .t/ grows at the same
rate as Q.t/. Therefore,

g� D lim
�t!0

lnQ.t C�t/� lnQ.t/

�t
:

Now note the following: during an interval of length �t .i/ in the fraction ��n of the
industries with technology gap n� 1 the leaders innovate at a rate x�n�t C o .�t/; .i i/
in the fraction ��0 of the industries with technology gap of n D 0, both �rms innovate,
so that the total innovation rate is 2x�0�t C o .�t/); and .i i i/ each innovation increase
productivity by a factor �. Combining these observations, we have

lnQ.t C�t/ D lnQ.t/C ln�

"
2��0x

�
0�t C

1X
nD1

��nx
�
n�t C o .�t/

#
:

Subtracting lnQ.t/, dividing by �t and taking the limit �t ! 0 gives (39).
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E.4. Proof of Proposition 4

We prove this proposition in four parts.

1. Existence of a steady-state equilibrium.
2. Properties of the sequence of value functions.
3. Properties of the sequence of R&D decisions.
4. Uniqueness of an invariant distribution given R&D policies.

Part 1: Existence of a Steady-State Equilibrium. First, note that each xn belongs to a
compact interval Œ0; Nx�, where Nx is the maximal �ow rate of innovation de�ned in (16)
above. Now �x a labor share Q! 2 Œ0; 1� and a sequence h Qxi of (Markovian) steady-state
strategies for all other �rms in the economy, and consider the dynamic optimization
problem of a single �rm. Our �rst result characterizes this problem and shows that
given some ´� h Q!; Qxi, the value function of an individual �rm is uniquely determined,
while its optimal R&D choices are given by a convex-valued correspondence. In what
follows, we denote sets and correspondences by uppercase letters and refer to their
elements by lowercase letters, e.g., xn .´/ 2 Xn Œ´�.

Lemma E.1. Consider a uniform IPR policy �uni , and suppose that the labor
share and the R&D policies of all other firms are given by ´ D h Q!; Qxi. Then the
dynamic optimization problem of an individual firm leads to a unique value function
v Œ´� W ¹�1º [ ZC ! RC and optimal R&D policy yX Œ´� W ¹�1º [ ZC � Œ0; Nx� is
compact and convex-valued for each ´ 2 Z and upper hemi-continuous in ´ (where

v Œ´� � ¹vn Œ´�º
1
nD�1 and yX Œ´� �

°
yXn Œ´�

±1
nD�1

).

Proof. Fix ´ D
˝
Q!; ¹ Qxnº

1
nD�1

˛
, and consider the optimization problem of a

representative �rm, written recursively as:

�vn D max
xn2Œ0; Nx�

²
.1� ��n/� Q!G .xn/C xn ŒvnC1 � vn�

CQx�1 Œv0 � vn�C � Œv0 � vn�

³
for n 2 N

�v0 D max
x02Œ0; Nx�

¹� Q!G .x0/C x0 Œv1 � v0�C Qx0 Œv�1 � v0�º

�v�1 D max
x�12Œ0; Nx�

¹� Q!G .x0/C x�1 Œv0 � v�1�C � Œv0 � v�1�º:

We now transform this dynamic optimization problem into a form that can be
represented as a contraction mapping using the method of “uniformization” (see,

for example, Ross, 1996, Chapter 5). Let Q� D ¹ Qxnº
1
nD�1 and pn;n0

�
� j Q�

�
be the

probability that the next state will be n0 starting with state n when the �rm in question
chooses policies � � ¹xnº

1
nD�1 and the R&D policy of other �rms is given by Q�. Using

the fact that, because of uniform IPR policy, x�n D x�1 for all n 2 N, these transition
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probabilities can be written as:

p�1;0

�
� j Q�

�
D

x�1C�
xnCx�1C�

pn;0

�
� j Q�

�
D

Qx�1C�
xnCQx�1C�

p0;�1

�
� j Q�

�
D

Qx0

x0CQx0
pn;nC1

�
� j Q�

�
D

xn

xnCQx�1C�

p0;1

�
� j Q�

�
D

x0

x0CQx0

:

Uniformization involves adding �ctitious transitions from a state into itself, which do
not change the value of the program, but allow us to represent the optimization problem
as a contraction. For this purpose, de�ne the transition rates  n as

 n

�
� j Q�

�
D

8̂<̂
:
xn C x�1 C � for n 2 ¹1; 2; : : :º;

x�1 C � for n D �1;

2xn for n D 0:

These transition rates are �nite since  n
�
� j Q�

�
�  � 2 NxC � <1 for all n, where

Nx is the maximal �ow rate of innovation de�ned in (16) in the text (both Nx and � are
�nite by assumption).

Now following equation (5.8.3) in Ross (1996), we can use these transition rates
and de�ne the new transition probabilities (including the �ctitious transitions from a
state to itself) as:

Qpn;n0
�
� j Q�

�8<:
 n.�j Q�/

 
pn;n0

�
� j Q�

�
if n ¤ n0;

1�
 n.�j Q�/

 
if n D n0:

This yields equivalent transition probabilities

Qp�1;�1

�
� j Q�

�
D 1� x�1C�

2 NxC�
Qp�1;0

�
� j Q�

�
D

x�1C�
2 NxC�

Qp0;1

�
� j Q�

�
D

x0

2 NxC�

Qp0;�1

�
� j Q�

�
D

Qx0

2 NxC�
Qp0;0

�
� j Q�

�
D 1� x0CQx0

2 NxC�
Qpn;nC1

�
� j Q�

�
D

xn

2 NxC�

Qpn;0

�
� j Q�

�
D
Qx�1C�
2 NxC�

Qpn;n

�
� j Q�

�
D 1� xnCQx�1C�

2 NxC�

;

and also de�nes an effective discount factor ˇ given by

ˇ �
 

�C 
D

2 Nx C �

�C 2 Nx C �
:

Also let the per period return function (pro�t net of R&D expenditures) be

O…n .xn/ D

´
1���n� Q!G.xn/

�C2 NxC�
if n � 1;

� Q!G.xn/
�C2 NxC�

otherwise:
: (E.4)

Using these transformations, the dynamic optimization problem can be written as:

vn D max
xn

´
O…n .xn/C ˇ

X
n0

Qpn;n0
�
�n j Q�

�
Qvn0

µ
, for all n 2 Z; (E.5)

� T Qvn, for all n 2 Z:
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where v � ¹vnº
1
nD�1 and the second line de�nes the operator T , mapping from the

space of functions V � ¹v W ¹�1º [ZC! RCº into itself. T is clearly a contraction
mapping. The innovation rates ¹ Qxnº

1
nD�1 are upper hemi-continuous therefore Qp W

¹�1º [ZC � ¹�1º [ZC � Œ0; 1� is upper-hemicontinuous and forms a multivalued
stochastic kernel. Then Proposition 2.2 in Blume .1982/ implies that Qp has the Feller
property. Thus, for given ´ D

˝
Q!; ¹ Qxnº

1
nD�1

˛
, T possesses a unique �xed point v� �

¹v�nº
1

nD�1 (e.g., Stokey, Lucas and Prescott, 1989).
Moreover, xn 2 Œ0; Nx�, and vn for each n D �1; 0; 1; : : : given by the right-hand

side of (E.5) is continuous in xn, so Berge’s Maximum Theorem (Aliprantis and

Border, 1999, Theorem 16.31, p. 539) implies that the set of maximizers
°
yXn

±1
nD�1

exists, is nonempty and compact-valued for each ´ and is upper hemi-continuous in
´D

˝
Q!; ¹ Qxnº

1
nD�1

˛
. Moreover, concavity of vn in xn for each nD �1; 0; 1; : : : implies

that
°
yXn

±1
nD�1

is also convex-valued for each ´, completing the proof. �

Now let us start with an arbitrary ´� h Q!; Qxi 2 Z � Œ0; 1�� Œ0; Nx�1. From Lemma
E.1, this ´ is mapped into optimal R&D decision sets yX Œ´�, where yxn Œ´� 2 yXn Œ´�.
From R&D policies Qx, we calculate � Œ Qx� � ¹�n Œ Qx�º

1
nD0 using equations (35), (36)

and (37). Then we can rewrite the labor market clearing condition (38) as

! D min

´
1X
nD0

�n

�
1

�n
CG . Qxn/ Q! CG . Qx�n/

�
Q!I 1

µ
;

� ' . Q!; Qx/ (E.6)

where due to uniform IPR, Ox�n D Ox�1 for all n > 0. Next, de�ne the mapping
(correspondence)

ˆŒ´� �
�
' .´/ ; yX Œ´�

�
;

which maps Z into itself, that is,

ˆ W Z � Z: (E.7)

That ˆ maps Z into itself follows since ´ 2 Z consists of Qx 2 Œ0; Nx�1 and Q! 2 Œ0; 1�,
and the image of ´ under ˆ consists of Ox 2 Œ0; Nx�1, and moreover, (E.6) is clearly in
Œ0; 1� (since the right-hand side is nonnegative and bounded above by 1). Finally, from
Lemma E.1, yXn Œ´� is compact and convex-valued for each ´ 2 Z , and also upper
hemi-continuous in ´, and ' is continuous. Using this construction, we can establish
the existence of a steady-state equilibrium as follows.

We �rst show that the mapping ˆ W Z � Z constructed in .E:7/ has a �xed
point, and then establish that when G0�1

��
1� ��1

�
= .�C �/

�
> 0 this �xed point

corresponds to a steady state with !� < 1. First, it has already been established thatˆ
maps Z into itself. We next show that Z is compact in the product topology and is a
subset of a locally convex Hausdorff space. The �rst part follows from the fact that Z
can be written as the Cartesian product of compact subsets,Z D Œ0; 1��

Q1
nD�1 Œ0; Nx�.

Then by Tychonoff’s Theorem (e.g., Aliprantis and Border, 1999, Theorem 2.57, p.
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52; Kelley, 1955, p. 143), Z is compact in the product topology. Moreover, Z is
clearly nonempty and also convex, since for any ´; ´0 2 Z and � 2 Œ0; 1�, we have
�´C .1� �/´0 2 Z . Finally, since Z is a product of intervals on the real line, it is a
subset of a locally convex Hausdorff space (see Aliprantis and Border, 1999, Lemma
5.54, p. 192).

Next, ' is a continuous function fromZ into Œ0; 1� and from Lemma E.1, yXn .´/ for

n 2 ¹�1º [ZC is upper hemi-continuous in ´. Consequently, ˆ �
D
' Œ´� ; yX Œ´�

E
has

closed graph in ´ in the product topology. Moreover, each one of ' .´/ and yXn .´/ for
n D �1; 0; : : : is nonempty, compact and convex-valued. Therefore, the image of the
mapping ˆ is nonempty, compact and convex-valued for each ´ 2 Z . The Kakutani-
Fan-Glicksberg Fixed Point Theorem implies that if the function ˆ maps a convex,
compact and nonempty subset of a locally convex Hausdorff space into itself and has
closed graph and is nonempty, compact and convex-valued ´, then it possesses a �xed
point ´� 2 ˆ.´�/ (see Aliprantis and Border, 1999, Theorem 16.50 and Corollary
16.51, p. 549–550). This establishes the existence of a �xed point ´� of ˆ.

To complete the proof, we need to show that the �xed point, ´�; corresponds to
a steady state equilibrium. First, since Oxn

�
!�; ¹x�nº

1

nD�1

�
D x�n for n 2 ¹�1º [ ZC,

we have that given a labor share of !�, ¹x�nº
1

nD�1 constitutes an R&D policy vector
that is best response to itself, as required by steady-state equilibrium (De�nition 3).
Next, we need to prove that the implied labor share !� leads to labor market clearing.
This follows from the fact that the �xed point involves !� < 1, since in this case (E.6)
will have an interior solution, ensuring labor market clearing. Suppose, to obtain a
contradiction, that!� D 1. Then, as noted in the text, we must have��0 D 1. From (35),
(36), and (37), this implies x�n D 0 for n 2 ¹�1º[ZC. However, we have shown above
that this is not possible when G0�1

��
1� ��1

�
= .�C �/

�
> 0. Consequently, (E.6)

cannot be satis�ed at !� D 1, implying that !� < 1. When !� < 1, the labor market
clearing condition (38) is satis�ed at !� as an equality, so !� is an equilibrium given
¹x�nº

1

nD�1, and thus ´� D
�
!�; ¹x�nº

1

nD�1

�
is a steady-state equilibrium as desired.

Finally, if � > 0, then (37) implies that��0 > 0. Since x�0 > 0, equation (39) implies
g� > 0. Alternatively, if x�

�1 > 0, then g� > 0 follows from (39). This completes the
proof of the existence of a steady-state equilibrium with positive growth.

Part 2: Properties of the Sequence of Value Functions. Let ¹xnº
1
nD�1 be the R&D

decisions of the �rm and ¹vnº
1
nD�1 be the sequence of values, taking the decisions of

other �rms and the industry distributions, ¹x�nº
1

nD�1, ¹��nº
1

nD�1, !� and g, as given.
By choosing xn D 0 for all n � �1, the �rm guarantees vn � 0 for all n � �1.
Moreover, since �ow pro�t satisfy �n � 1 for all n � �1, vn � 1=� for all n � �1,
establishing that ¹vnº

1
nD�1 is a bounded sequence, with vn 2 Œ0; 1=�� for all n � �1.

Proof of v1 > v0. Suppose, �rst, v1 � v0, then (34) implies x�0 D 0, and by the
symmetry of the problem in equilibrium (30) implies v0 D v1 D 0. As a result,
from (33) we obtain x�

�1 D 0. Equation (29) implies that when x�
�1 D 0, v1 ��

1� ��1
�
= .�C �/ > 0, yielding a contradiction and proving that v1 > v0. �
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Proof of v�1 � v0. Suppose, to obtain a contradiction, that v�1 > v0. If v1 � v0, (33)
yields x�

�1 D 0. This implies v�1 D �v0= .�C �/, which contradicts v�1 > v0 since
�= .�C �/ < 1. Thus we must have v1 > v0. The value function of a neck-and-neck
�rm can be written as:

�v0 D max
x0

®
�!�G .x0/C x0 Œv1 � v0�C x

�
0 Œv�1 � v0�

¯
; (E.8)

� max
x0

®
�!�G .x0/C x0 Œv1 � v0�

¯
;

� �!�G
�
x��1

�
C x��1 Œv1 � v0� ;

� �!�G
�
x��1

�
C x��1 Œv0 � v�1�C � Œv0 � v�1� ;

D �v�1;

which contradicts the hypothesis that v�1 > v0 and establishes the claim. �

Proof of vn < vnC1. Suppose, to obtain a contradiction, that vn � vnC1. Now (32)
implies x�n D 0, and (29) becomes

�vn D .1� �
�n/C x��1 Œv0 � vn�C � Œv0 � vn� (E.9)

Also from (29), the value for state nC 1 satis�es

�vnC1 �
�
1� ��n�1

�
C x��1 Œv0 � vnC1�C � Œv0 � vnC1� : (E.10)

Combining the two previous expressions, we obtain

.1� ��n/C x��1 Œv0 � vn�C � Œv0 � vn�

� 1� ��n�1 C x��1 Œv0 � vnC1�C � Œv0 � vnC1� :

Since ��n�1 < ��n, this implies vn < vnC1, contradicting the hypothesis that
vn � vnC1, and establishing the desired result, vn < vnC1. Consequently, ¹vnº

1
nD�1 is

nondecreasing and ¹vnº
1
nD0 is (strictly) increasing. Since a nondecreasing sequence in

a compact set must converge, ¹vnº
1
nD�1 converges to its limit point, v1, which must

be strictly positive, since ¹vnº
1
nD0 is strictly increasing and has a nonnegative initial

value. �

The above results combined complete the proof that values form an increasing
sequence.

Part 3: Properties of the Sequence of R&D Decisions.

Proof of x�nC1 < x
�
n . From equation (32),

ınC1 � vnC1 � vn < vn � vn�1 � ın (E.11)

would be suf�cient to establish that x�nC1 < x
�
n whenever x�n > 0. We next show that

this is the case.
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Let us write:

N�vn D max
xn

®
.1� ��n/� !�G .xn/C x

�
n ŒvnC1 � vn�C x

�
�1v0 C �v0

¯
; (E.12)

where N� � � C x�
�1 C �. Since x�nC1, x�n and x�n�1 are maximizers of the value

functions vnC1, vn and vn�1, (E.12) implies:

N�vnC1 D 1� �
�n�1

� !�G
�
x�nC1

�
C x�nC1 ŒvnC2 � vnC1�C x

�
�1v0 C �v0;

(E.13)

N�vn � 1� �
�n
� !�G

�
x�nC1

�
C x�nC1 ŒvnC1 � vn�C x

�
�1v0 C �v0;

N�vn � 1� �
�n
� !�G

�
x�n�1

�
C x�n�1 ŒvnC1 � vn�C x

�
�1v0 C �v0;

N�vn�1 D 1� �
�nC1

� !�G
�
x�n�1

�
C x�n�1 Œvn � vn�1�C x

�
�1v0 C �v0:

Now taking differences with N�vn and using the de�nitions of ıns, we obtain

N�ınC1 � �
�n
�
1� ��1

�
C x�nC1 .ınC2 � ınC1/

N�ın � �
�nC1

�
1� ��1

�
C x�n�1 .ınC1 � ın/ :

Therefore, �
N�C x�n�1

�
.ınC1 � ın/ � �kn C x

�
nC1 .ınC2 � ınC1/ ; (E.14)

where
kn � .�� 1/

2 ��n�1 > 0:

Now to obtain a contradiction, suppose that ınC1 � ın � 0. From (E.14), this implies
ınC2� ınC1 > 0 since kn is strictly positive. Repeating this argument successively, we
have that if ın0C1� ın0 � 0, then ınC1� ın > 0 for all n� n0. However, we know from
Part 2 of the proposition that ¹vnº

1
nD0 is strictly increasing and converges to a constant

v1. This implies that ın # 0, which contradicts the hypothesis that ınC1 � ın � 0 for
all n � n0 � 0, and establishes that x�nC1 � x

�
n . To see that the inequality is strict when

x�n > 0, it suf�ces to note that we have already established (E.11), i.e., ınC1 � ın < 0,
thus if equation (32) has a positive solution, then we necessarily have x�nC1 < x

�
n .

We next prove that x�0 � x
�
�1 and then show that under the additional condition

G0�1
��
1� ��1

�
= .�C �/

�
> 0, this inequality is strict. �

Proof of x�0 � x
�
�1. Equation (30) can be written as

�v0 D �!
�G

�
x�0
�
C x�0 Œv�1 C v1 � 2v0� : (E.15)

We have v0 � 0 from Part 2 of the proposition. Suppose v0 > 0. Then (E.15) implies
x�0 > 0 and

v�1 C v1 � 2v0 > 0 (E.16)

v1 � v0 > v0 � v�1:
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This inequality combined with (34) and (41) yields x�0 > x�
�1. Suppose next that

v0 D 0. Inequality (E.16) now holds as a weak inequality and implies that x�0 � x
�
�1.

Moreover, since G .�/ is strictly convex and x�0 is given by (34), (E.15) then implies
x�0 D 0 and thus x�

�1 D 0. �

We now have the following intermediate lemma.

Lemma E.2. Suppose that G0�1
��
1� ��1

�
= .�C �/

�
> 0, then x�0 > 0 and v0 > 0.

Proof. Suppose, to obtain a contradiction, that x�0 D 0. The �rst part of the proof then
implies that x�

�1 D 0. Then (29) implies

�v1 � 1� �C � Œv0 � v1� :

Equation (30) together with x�0 D 0 gives v0 D 0, and hence

v1 � v0 �
1� ��1

�C �
:

Combined with this inequality, (34) implies

x�0 � max

²
G0�1

�
1� ��1

!� .�C �/

�
; 0

³
;

� max

²
G0�1

�
1� ��1

�C �

�
; 0

³
;

where the second inequality follows from the fact that !� � 1. The assumption that
G0�1

��
1� ��1

�
= .�C �/

�
> 0 then implies x�0 > 0, thus leading to a contradiction

and establishing that x�0 > 0. Strict convexity ofG .�/ together with x�0 > 0 then implies
v0 > 0. �

Proof of x�0 > x�
�1 when G0�1

��
1� ��1

�
= .�C �/

�
> 0. Given Lemma E.2,

G0�1
��
1� ��1

�
= .�C �/

�
> 0 implies that x�0 > 0. Then .E:15/ implies

v1 � v0 > v0 � v�1

and as a result x�0 > x
�
�1. �

Proof of x�0 > x�1 . To prove that x�0 > x�1 , let us write the value functions v2; v1
and v0 as in (E.13):

N�v2 D 1� �
�2
� !�G

�
x�2
�
C x�2 Œv3 � v2�C x

�
�1v0 C �v0;

N�v1 � 1� �
�1
� !�G

�
x�2
�
C x�2 Œv2 � v1�C x

�
�1v0 C �v0;

N�v1 � 1� �
�1
� !�G

�
x�0
�
C x�0 Œv2 � v1�C x

�
�1v0 C �v0;

N�v0 D �!
�G .x0/C x

�
0 Œv1 � v0�C �v0 C x

�
�1v0 C x

�
0 Œv�1 � v0� :
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Now taking differences with N�vn and using the de�nitions of ıns as in (E.11), we obtain

N�ı2 � �
�1
�
1� ��1

�
C x�2 .ı3 � ı2/ ; (E.17)

N�ı1 �
�
1� ��1

�
C x�0 .ı2 � ı1/C x

�
�1 Œv0 � v0�� x

�
0 Œv�1 � v0� ;

N�ı1 �
�
1� ��1

�
C x�0 .ı2 � ı1/� x

�
0 Œv�1 � v0� ;

N�ı1 �
�
1� ��1

�
C x�0 .ı2 � ı1/� x

�
0 Œv�1 � v0� :

Next recall from Part 2 that v�1 � v0 � 0. Moreover, the �rst part of the �rst part of
the proof has established that x�

�1 � x
�
0 � 0. Therefore

�
x�
�1 � x0

�
Œv�1 � v0� � 0,

and the last inequality then implies

N�ı1 �
�
1� ��1

�
C x�0 .ı2 � ı1/ :

Now combining this inequality with the �rst inequality of (E.17), we obtain�
N�C x�0

�
.ı2 � ı1/ � �

�
1� ��1

�2
C x�2 .ı3 � ı2/ : (E.18)

Part 2 has already established ı2 > ı3, so that the right-hand side is strictly negative,
therefore, we must have ı2 � ı1 < 0, which implies that x�0 > x�1 and completes the
proof. �

The above results together complete the proof of Part 3.

Part 4: Uniqueness of the Invariant Distribution.

Lemma E.3. Consider a uniform IPR policy �uni and a corresponding steady-state
equilibrium h��; v; x�; !�; g�i. Then, there exists n� 2 N such that x�n D 0 for all
n � n�.

Proof. The �rst-order condition of the maximization of the value function (29) implies

G0 .xn/ �
vnC1 � vn

!�
and xn � 0,

with complementary slackness. G0 .0/ is strictly positive by assumption. If
.vnC1 � vn/ =!

� < G0 .0/, then xn D 0. The second part of the proposition implies
that ¹vnº

1
nD�1 is a convergent and thus a Cauchy sequence, which implies that there

exists 9n� 2 N such that vnC1 � vn < !�G0 .0/ for all n � n�. �

An immediate consequence of Lemma E.3, combined with (35) is that �n D 0

for all n � n� (since there is no innovation in industries with technology gap greater
than n�). Thus the law of motion of an industry can be represented by a �nite
Markov chain. Moreover, because after an innovation by a follower, all industries
jump to the neck-and-neck state, this Markov chain is irreducible (and aperiodic),
thus converges to a unique steady-state distribution of industries. More formally, there
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exists n� such that x�n� D 0 and x�n D 0 for all n > n�. Combined with the fact
G0�1

��
1� ��1

�
= .�C �/

�
> 0 and that either � > 0 or x�

�1 > 0, this implies
that the states n > n� are transient and can be ignored. Consequently, ¹��nº

1

nD0

forms a �nite and irreducible Markov chain over the states n D 0; 1; : : : ; n�. To
see this, let n� D minn2¹0;:::;n��º ¹n 2 N:vnC1 � vn � !�G0 .0/º. Such an n� exists,
since the set ¹0; : : : ; n��º is �nite and nonempty because of the assumption that
G0�1

��
1� ��1

�
= .�C �/

�
> 0. Then by construction x�n > 0 for all n < n� and

x�n� D 0 as desired. Now denoting the probability of being in state Qn starting in state n
after � periods byP � .n; Qn/, we have that lim�!1P

� .n; Qn/D 0 for all Qn > n� and for
all n. Thus we can focus on the �nite Markov chain over the states nD 0; 1; : : : ; n�, and
¹��nº

n�

nD0 is the limiting (invariant) distribution of this Markov chain. Given ¹x�nº
n�

nD�1,
¹��nº

n�

nD0 is uniquely de�ned. Moreover, the underlying Markov chain is irreducible
(since x�n > 0 for n D 0; 1; : : : ; n� � 1, so that all states communicate with n D 0 or
n D 1). Therefore, by Theorem 11.2 in Stokey, Lucas and Prescott (1989, p. 62) there
exists a unique stationary distribution ¹��nº

1

nD0.

E.5. Proof of Proposition 5

We prove this proposition using two crucial lemmas.

Lemma E.4. Consider the state-dependent IPR policy �, and suppose that
h��; v; x�; !�; g�i is a steady-state equilibrium. Then there exists a state n� 2 N
such that ��n D 0 for all n � n�.

Proof. There are two cases to consider. First, suppose that ¹vnºn2ZC is strictly
increasing. Then it follows from the proof of Lemma E.3 that there exists a state n� 2N
such that x�n D 0 for all n � n�, and as in the proof of Part 4 of Proposition 4, states
n � n� are transient (i.e., lim�!1P

� .n; Qn/ D 0 for all Qn > n� and for all n), so
��n D 0 for all n � n�.

Second, in contrast to the �rst case, suppose that there exists some n�� 2 ZC such
that vn�� � vn��C1. Then, let n� D minn2¹0;:::;n��º ¹n 2 N:vnC1 � vn � !�G0 .0/º,
which is again well de�ned. Then, optimal R&D decision (32) immediately implies
that x�n > 0 for all states with n < n�, and since x�n� D 0, all states n > n� are transient
and lim�!1P

� .n; Qn/ D 0 for all Qn > n� and for all n, completing the proof. �

Lemma E.5. Consider the state-dependent IPR policy � and suppose that the labor
share and the R&D policies of all other firms are given by ´ D h Q!; Qxi. Then the
dynamic optimization problem of an individual firm leads to a unique value function
v Œ´� W Z! RC and optimal R&D policy yX Œ´� W Z � Œ0; Nx� are compact and convex-
valued for each ´ 2 Z and upper hemi-continuous in ´ (where v Œ´� � ¹vn Œ´�º

1
nD�1,

yX Œ´� �
°
yXn Œ´�

±1
nD�1

).

Proof. The proof follows closely that of Lemma E.1. In particular, again using
uniformization, the maximization problem of an individual �rm can be written as a
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contraction mapping similar to (E.5) there. The �niteness of the transition probabilities

follows, since  n
�
� j Q�

�
�  � 2 Nx Cmaxn ¹�nº <1 (this is a consequence of the

fact that Nx de�ned in (16) is �nite and maxn ¹�nº is �nite, since each �n 2 RC and by
assumption, there exists Nn <1 such that �n D � Nn). This contraction mapping uniquely
determines the value function v Œ´� W Z! RC.

Berge’s Maximum Theorem (Aliprantis and Border, 1999, Theorem 16.31, p. 539)
again implies that each of yXn .´/ for n 2 Z is upper hemi-continuous in ´ D h Q!; Qxi,
and moreover, since vn for n 2 Z is concave in xn, the maximizer of v Œ´�, yX �°
yXn

±1
nD�1

, are nonempty, compact and convex-valued. �

Now using the previous two lemmas, we can establish the existence of a steady-
state equilibrium. This part of the proof follows that of Proposition 4 closely. Fix
´ D

˝
Q!; ¹ Qxnº

1
nD�1

˛
, and de�ne Z � Œ0; 1��

Q1
nD�1 Œ0; Nx�. Again by Tychonoff’s

Theorem, Z is compact in the product topology. Then consider the mapping ˆ W

Z � Z constructed as ˆ �
�
'; yX

�
, where ' is given by (E.6) and yX is de�ned in

Lemma E.5. Clearly ˆ maps Z into itself. Moreover, as in the proof of Proposition
4, Z is nonempty, convex, and a subset of a locally convex Hausdorff space. The
proof of Lemma E.5 then implies that ˆ has closed graph in the product topology
and is nonempty, compact and convex-valued in ´. Consequently, the Kakutani-Fan-
Glicksberg Fixed Point Theorem again applies and implies that ˆ has a �xed point
´� 2 ˆ.´�/. The argument that the �xed point ´� corresponds to a steady-state
equilibrium is identical to that in Proposition 4, and follows from the fact that within
argument identical to that of Lemma E.2, G0�1

��
1� ��1

�
= .�C �1/

�
> 0 implies

x�0 > 0. The result that !� < 1 then follows immediately. Finally, as in the proof of
Proposition 4, either �1 > 0 or x�

�1 > 0 is suf�cient for g� > 0.
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